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The study is concerned with problem of optimal disturbance rejection for a class of discrete-time systems with multiple delayed
inputs. In order to avoid the two-point boundary value (TPBV) problem with items of time-delay and time-advance caused
by multiple delayed inputs, the discrete-time system with multiple delayed inputs is transformed into a delay-free system by
introducing a variable transformation, and the original performance index is reformulated as a corresponding form without the
explicit appearance of time-delay items. Then, the approximate optimal disturbance rejection controller (AODRC) is derived from
Riccati equation and Stein equation based on the reduced system and reformulated performance index, which is combined with
feedback item of system state, feedforward item of disturbances, and items of delayed inputs. Also, the existence and uniqueness
of AODRC are proved, and the stability of the closed-loop system is analysed. Finally, numerical examples of disturbance rejection
for jacket-type offshore structure and pure mathematical model are illustrated to validate the feasibility and effectiveness of the
proposed approach.

1. Introduction
In practice, time-delays are inherent in various engineering
systems. As an efficient control algorithm for the improvement of the efficiency, reliability, and scalability of the
dynamic systems, time-delays must be taken into consideration in process of modeling and controller design from engineering and control scientists. It is well known that the actuators and transmission of the communication information are
with the electrical and electromagnetic characteristics. Therefore, delayed inputs are more general pervasive on dynamic
modelling of engineering systems. Especially, with the rise
of networked control systems (NCSs) and communication
systems [1, 2], multiple delayed inputs are mainly caused by
the online data acquisition, filtering, calculating controller,
and transmitting the control force signals from a computer to
the actuator in engineering systems. Recently, many methods
have been proposed to solve the problem for the time-delay

discrete-time systems. For example, sliding mode control
(SMC) is a widely used technique to handle matched disturbances by designing sliding surface and reaching motion
controller for the time-delay process [3–5]. Smith predictor
has the potential capability to achieve an improvement of
set-point response and disturbance response [6, 7]; observer
based output feedback control is very powerful for systems
with delayed input by using the predictor feedback while
the state vectors are measurable or estimated online [8, 9];
𝐻∞ control has been intensively applied among the stability
analysis, stabilization control, and robustness control for
discrete-time systems with multiple delayed inputs [10, 11].
Disturbance rejection control has been viewed as a
typical issue since the origins of control theory, and many
researchers have been paying more attention to this field both
academia and engineers. Many physical systems are subjected
to persistent disturbances, such as offshore jacket platforms
subjected to the waves [12, 13], helicopters subjected to the
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winds [14], and vehicle suspension systems subjected to the
road roughness [15, 16]. The external disturbances are often
a source of poor performance of underlying control systems.
The active disturbance rejection control has been viewed as
an effective solution to solve the above problem. However,
finding an explicit form of optimal control law for time-delay
systems under disturbances remains difficult [17]. Therefore,
some modification or improvement has been done in the conventional control schemes. For example, active disturbance
rejection control has been shown to be an effective tool in
dealing with real world problems of dynamic uncertainties,
disturbances, and nonlinearities [18–20]; a robust 𝐻∞ guaranteed cost control law is designed for uncertain Markovian
jump systems with distributed delays and input delays in
[21]; by using an inertial actuator for suppression of multiple
unknown and/or time-varying vibrations, an active vibration
control system was proposed in [22]; a disturbance estimator
design method was proposed to design the control scheme for
open-loop and unstable processes with time delay [23]. An
overview of antidisturbance control for engineering systems
with multiple disturbances can be found in [24].
For discrete-time systems with multiple delayed input
under persistent disturbances, the traditional optimal control problem with respect to quadratic performance index
will induce (TPBV) problem with time-delay and timeadvance items. Although there have been many methods
to solve the control problem for discrete-time systems with
delayed input, it is difficult to find an optimal solution
for this problem. On the one hand, augmented method
could convert a delay system into free-delay ones. However,
with the multiple delays or large delays, the dimension and
stability of the delay-free system cannot be ensured; even the
computing work would increase exponentially. On the other
hand, virtually most of the studies on optimal control for
discrete-time system with multiple input delays consider only
approximate optimal control by using an iterative solution.
For example, iterative learning algorithm was proposed to
ensure the control performance for nonlinear discrete-time
systems with multiple input delays in [25]; [26] proposed
an optimal controller by using only measured input/output
data from a class of linear discrete-time systems with multiple
delays by using adaptive dynamic programming; a successive
approximation approach (SAA) was proposed in [27] to
design a suboptimal control for discrete linear systems with
time delay, in which an iterative procedure is designed to
solve the TPBV problem with time-delay items and nonlinear
items; after that, based on SAA and augmented method, [28]
designed an approximate tracking controller for discretetime systems with multiple state and input delays.
The motivation of this work is to design an AODRC for
discrete-time systems with multiply delayed inputs under
persistent disturbances with respect to a typical quadric
performance index. In order to deal with multiple delayed
inputs, a variable transformation is proposed so that the
original system is transformed into delay-free ones, and
the quadratic performance index of the original system
is simplified without the explicit appearance of time-delay
items. Then, the AODRC is designed based on the maximum
principle by solving Riccati and Stein equations, which is
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composed of a feedback item of system state, a feedforward
item of disturbance state, and some control memory terms. In
term of design of controller, compared to the previous work
[25, 27, 28], the proposed AODRC is analytical solution so
that the computation cost and time are reduced. In terms of
control performance, by analysing the simulation results for
an offshore platform and pure mathematical example with
different cases in delayed inputs, the proposed AODRC can
not only reduce the influence from multiple delayed inputs
for underlying systems but also trade off among rejection
effect opposed to the multiple delayed inputs, persistent
disturbances, and energy consumption.
The rest of the paper is organized as follows. The disturbance rejection problem for discrete-time systems with multiple delayed inputs is formulated in Section 2. In Section 3,
the original problem is reformulated as an equivalent one for
delay-free transformed system with respect to a transformed
performance index without the explicit appearance of time
delay. Then, the proposed AODRC is presented in Section 4,
in which its existence and uniqueness are proved, and the
stability of system with multiple delayed inputs is analysed.
In Section 5, the effectiveness and implement of the proposed
AODRC are evaluated by applying it to numerical examples
of pure mathematical example and a jacket-type offshore
platform for different cases with delayed inputs. Finally, our
findings are concluded in Section 6.

2. Problem Statement
Consider the discrete-time systems with multiple delayed
inputs under persistent disturbances described by
𝑁

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + ∑𝐵𝑖 𝑢 (𝑘 − ℎ𝑖 ) + 𝐷V (𝑘) ,
𝑖=1

𝑦 (𝑘) = 𝐶𝑥 (𝑘) ,

𝑘 = 0, 1, 2, . . . ,

(1)

𝑥 (0) = 𝑥0 ,
𝑢 (𝑘) = 0,

𝑘 < 0,

where 𝑥 ∈ 𝑅𝑛 denotes the state vector; 𝑢 ∈ 𝑅𝑚 is the control
input; V ∈ 𝑅𝑝 denotes the persistent disturbances signal;
ℎ𝑖 > 0 (𝑖 = 1, 2, . . . , 𝑁) are positive multiple delayed inputs,
respectively; 𝑦 ∈ 𝑅𝑟 is the output vector; 𝑁 is the account of
multiple delayed inputs. 𝐴, 𝐵𝑖 (𝑖 = 1, 2, . . . , 𝑁), 𝐶, and 𝐷 are
constant matrices of appropriate dimensions.
Assumption 1. The pair (𝐴, 𝐵1 ) is completely controllable and
the pair (𝐴, 𝐶) is completely observable, where 𝐶 is defined
by 𝑄 = 𝐶𝑇 𝐶.
The dynamic characteristics of the persistent disturbances
vector V(𝑘) are described by the following exosystem:
𝑤 (𝑘 + 1) = 𝐺𝑤 (𝑘)
V (𝑘) = 𝐸𝑤 (𝑘) ,

(2)

where 𝑤 ∈ 𝑅𝑞 , (𝑝 ≤ 𝑞 ≤ 𝑟) is the disturbance state, whose
initial condition is unknown. 𝐺 and 𝐸 are constant matrices
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of appropriate dimensions with full rank. It is assumed that
the pair (𝐸, 𝐺) is completely observable. Also, the eigenvalues
of the 𝐺 satisfy


𝜆 𝑖 (𝐺) ≤ 1,

𝑖 = 1, 2, . . . , 𝑞.

1∞ 𝑇
∑ [𝑦 (𝑘) 𝑄𝑦 (𝑘) + 𝑢𝑇 (𝑘) 𝑅𝑢 (𝑘)] .
2 𝑘=0

(4)

On the other hand, the persistent disturbances are stable but
may not be asymptotically stable; the effect from persistent
disturbance vector V(𝑘), the steady state of the state vector
𝑥(𝑘), and the control input 𝑢(𝑘) will not converge to zero
synchronously. Therefore, the following infinite-time average
performance index is chosen:
1 𝑁 𝑇
∑ [𝑦 (𝑘) 𝑄𝑦 (𝑘) + 𝑢𝑇 (𝑘) 𝑅𝑢 (𝑘)] ,
𝑁→∞𝑁
𝑘=0

𝐽 = lim

̃ (𝑘) + 𝐷V (𝑘) ,
𝑥̃ (𝑘 + 1) = 𝐴𝑥̃ (𝑘) + 𝐵𝑢

(3)

Then, exosystem (2) of the persistent disturbances is stable
but may not be asymptotically stable. It should be noted that
the expression of exosystem (2) could describe the various
forms of disturbances with known or unknown dynamic
characteristics, such as the sinusoidal disturbances, periodic
disturbances, step disturbances, and random signals.
The performance index could be depending on the
dynamic characteristics of persistent disturbances. When
the persistent disturbances are asymptotically stable, the
traditional quadratic performance index could be chosen as
𝐽=

system (1) with multiple delayed input can be transformed
into the following form:

(5)

where 𝑄 ∈ 𝑅𝑛×𝑛 is positive semidefinite and 𝑅 ∈ 𝑅𝑚×𝑚 is
positive definite.
The aim of the optimal disturbance rejection is to find
an optimal control law 𝑢∗ (𝑘) for the discrete-time systems
described by (1) and (2) with respect to the performance
index (4) or (5) that make the performance index (4) or (5)
obtain the minimum value.

𝑁

𝑖=1 𝑗=𝑘−ℎ𝑖

̃
where 𝑥(𝑘)
∈ 𝑅 is the state vector of the delay-free system
−ℎ𝑖
(7) and 𝐵̃ = ∑𝑁
𝑖=1 𝐴 𝐵𝑖 . Note that the transformed system
̃
(7) is in the form of a delay-free system, and the pair (𝐴, 𝐵)
is completely controllable if and only if (𝐴, 𝐵1 ) is completely
controllable [29].
3.2. Simplification of Performance Index. Through the vector
transformation (6) introduced, the original system with
multiple delayed inputs (1) could be transformed into system
(7) without the explicit appearance of time delay. In order to
evaluate the effectiveness of the control law more exactly, it is
necessary to transform the performance index (4) or (5) into
the equivalent form for the transformed system (7).
By using (6) and (7), the quadratic performance index (4)
could be transformed into the following form:
∞

𝐽 = ∑ {𝑥̃𝑇 (𝑘) 𝐶𝑇 𝑄𝐶𝑥̃ (𝑘) + 𝑢𝑇 (𝑘) 𝑅𝑢 (𝑘)
𝑘=0

− 2𝑈1𝑇 𝐶𝑇 𝑄𝐶𝑥̃ (𝑘) + 𝑈1𝑇𝐶𝑇 𝑄𝐶𝑈1 } ,
𝑘−1
𝑘−ℎ𝑖 −𝑗−1
𝑢(𝑗).
where 𝑈1 = ∑𝑁
𝑖=1 ∑𝑗=𝑘−ℎ𝑖 𝐴
Based on (2), (6), (7), and (9), one gets
∞

∑ 𝑥̃𝑇 (𝑘) 𝐶𝑇 𝑄𝐶𝑈1

𝑘=0

∞

= ∑ {𝑥̃𝑇 (𝑘) 𝐶1 𝑢 (𝑘) + 𝑤𝑇 (𝑘) 𝐶2 𝑢 (𝑘)
𝑘=0

𝑁 ℎ𝑡

ℎ𝑡

+ ∑ ∑ ∑ ((𝐶𝐴−𝑗 𝐵𝑖 𝑢(𝑘 + 𝑖 − 1))

𝑇

× 𝑄𝐶𝐴𝑖−𝑗−1 𝐵𝑖 ) 𝑢 (𝑘) } ,

3.1. Delay-Free Transformation of Control System. By proposing the following variable transformation
𝑘−1

𝑖=1 𝑗=𝑘−ℎ𝑖

(8)

𝑡=1 𝑖=1 𝑗=1

For discrete-time delay systems with quadratic performance
index, the optimal control problem is difficult to be solved
analytically caused by the TPBV problem with both timedelay and time-advance terms. In this section, a vector transformation is introduced to deal with the multiple delayed
inputs, and the performance index is reformulated as the
equivalent ones without the explicit appearance of time delay.

𝑁

(7)

𝑛

3. Reformulation of Disturbance
Rejection Problem

𝑥̃ (𝑘) = 𝑥 (𝑘) + ∑ ∑ 𝐴𝑘−ℎ𝑖 −𝑗−1 𝐵𝑖 𝑢 (𝑗)

𝑘−1

𝑦 (𝑘) = 𝐶 (𝑥̃ (𝑘) − ∑ ∑ 𝐴𝑘−ℎ𝑖 −𝑗−1 𝑢 (𝑗)) ,

(6)

(9)

∞

∑ 𝑈1𝑇 𝐶𝑇 𝑄𝐶𝑈1

𝑘=0

∞ {
𝑁 ℎ𝑖
𝑇
= ∑ {𝑢𝑇 (𝑘) ∑ ∑ ((𝐶𝐴−𝑗 𝐵𝑖 ) 𝑄𝐶𝐴−𝑗 𝐵𝑖 ) 𝑢 (𝑘)
𝑖=1 𝑗=1
𝑘=0
{
𝑁 ℎ𝑡 ℎ𝑡

𝑇

+ 2∑ ∑ ∑ ((𝐶𝐴−𝑗 𝐵𝑖 𝑢 (𝑘 + 𝑖 − 1))
𝑡=1 𝑖=1 𝑗=1

× 𝑄𝐶𝐴𝑖−𝑗−1 𝐵𝑖 ) 𝑢 (𝑘) } ,

4
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where

(5). The approximate optimal disturbance rejection controller
uniquely exists and can be formulated as
𝑁

ℎ𝑖

𝑖=1

𝑗=1

𝑇

𝐶1 = ∑ (( ∑ (𝐶𝐴𝑗 ) 𝑄𝐴𝐶𝐴𝑗−1−ℎ𝑖 𝐵𝑖 )) ,

̃ −1 { [𝐶𝑇 − 𝐵̃𝑇 𝐴−𝑇 (𝑃1 − 𝑄1 )]
𝑢∗ (𝑘) = 𝑅
1
1
(10)

𝑁 ℎ𝑖 ℎ𝑖 −𝑗

𝑁

𝑗−1 𝑇

𝐶2 = ∑ ∑ ∑ ((𝐶𝐴𝑡 𝐷𝐸𝐺
𝑖=1 𝑗=1 𝑡=0

where 𝑃1 is the unique positive definite solution of the Riccati
matrix equation

∞

1
̃ (𝑘)
∑ {𝑥̃𝑇 (𝑘) 𝐶𝑇 𝑄𝐶𝑥̃ (𝑘) + 𝑢𝑇 (𝑘) 𝑅𝑢
2 𝑘=0

(15)

and 𝑃2 is the unique solution of the Stein matrix equation

𝑇

̃ = 𝑅 + ∑𝑁 ∑ 𝑖 ((𝐶𝐴−𝑗 𝐵𝑖 ) 𝑄𝐶𝐴−𝑗 𝐵𝑖 ).
where 𝑅
𝑖=1 𝑗=1
Actually, the above transformations are suitable for the
infinite-time average quadratic performance index (5). The
reformed performance index could be described as
1 𝑁 𝑇
̃ (𝑘)
∑ {𝑥̃ (𝑘) 𝐶𝑇 𝑄𝐶𝑥̃ (𝑘) + 𝑢𝑇 (𝑘) 𝑅𝑢
𝑁→∞𝑁
𝑘=0

̃ −1 𝐵̃𝑇 𝑃1 )−1 𝐴 1
𝑃1 = 𝑄1 + 𝐴𝑇1 𝑃1 (𝐼 + 𝐵̃𝑅

(11)

−2𝑥̃𝑇 (𝑘) 𝐶1 𝑢 (𝑘) − 2𝑤𝑇 (𝑘) 𝐶2 𝑢 (𝑘)} ,
ℎ

(14)

+ (𝐶2𝑇 − 𝐵̃𝑇 𝐴−𝑇
1 (𝑃2 + 𝑄2 )) 𝑤 (𝑘) } ,

Then, the quadratic performance index (4) could be reformed
as the following form:

𝐽=

𝑘−1

× [𝑥 (𝑘) + ∑ ∑ 𝐴𝑘−ℎ𝑖 −𝑗−1 𝐵𝑢 (𝑗)]
𝑖=1 𝑗=𝑘−ℎ𝑖
]
[

) 𝑄𝐶𝐴𝑡+𝑗−ℎ𝑖 −1 𝐵𝑖 ) .

𝐽 = lim

(12)

̃ −1 𝐵̃𝑇 𝑃1 )−1 𝐴 2
𝑃2 + 𝑄2 = 𝐴𝑇1 𝑃1 (𝐼 + 𝐵̃𝑅
̃ −1 𝐵̃𝑇 ] 𝑃2 𝐺.
̃ −1 𝐵̃𝑇 𝑃1 )−1 𝐵̃𝑅
+ 𝐴𝑇1 [𝐼 − 𝐴𝑇1 𝑃1 (𝐼 + 𝐵̃𝑅
(16)
Proof. Define the Hamiltonian function for the optimal
disturbance rejection problem as
𝐻 (∙) =

1 𝑇
̃ (𝑘)
{𝑥̃ (𝑘) 𝐶𝑇 𝑄𝐶𝑥̃ (𝑘) + 𝑢𝑇 (𝑘) 𝑅𝑢
2
− 2𝑥̃𝑇 (𝑘) 𝐶1 𝑢 (𝑘) − 2𝑤𝑇 (𝑘) 𝐶2 𝑢 (𝑘) }

−2𝑥̃𝑇 (𝑘) 𝐶1 𝑢 (𝑘) − 2𝑤𝑇 (𝑘) 𝐶2 𝑢 (𝑘)} .

(17)

̃ (𝑘) + 𝐷V (𝑘)] .
+ 𝜆𝑇 (𝑘 + 1) [𝐴𝑥̃ (𝑘) + 𝐵𝑢
Then, the original optimal disturbance rejection is reformulated as an equivalent optimal regulation problem that
designs an approximate control law 𝑢∗ (𝑘) to make the
quadratic performance index (11) or (12) obtain the minimum
value subject to the discrete-time system (2) and (7) such that
the negative effects from persistent disturbances and multiple
delayed inputs are eliminated.

Applying the maximum principle condition 𝜕𝐻/𝜕𝑢 = 0 to
this specific Hamiltonian function (17) yields
̃ −1 [𝐵̃𝑇 𝜆 (𝑘 + 1) − 𝐶𝑇 𝑥̃ (𝑘) − 𝐶𝑇 𝑤 (𝑘)] ,
𝑢 (𝑘) = 𝑅
1
2

(18)

where 𝜆(𝑘) is the solution of the following TPBV problem:
̃ −1 𝐵̃𝑇 𝜆 (𝑘 + 1) ,
𝑥̃ (𝑘 + 1) = 𝐴 1 𝑥̃ (𝑘) + 𝐴 2 𝑤 (𝑘) − 𝐵̃𝑅

4. Approximate Design of Optimal
Disturbance Rejection Controller

𝑄1 𝑥̃ (𝑘) − 𝑄2 𝑤 (𝑘) + 𝐴𝑇1 𝜆 (𝑘 + 1) = 𝜆 (𝑘) ,

In this section, the proposed AODRC is presented in detail,
and its existence and uniqueness are proved. In order to state
the proposed control law clearly, the following matrices are
defined:
̃ ̃ −1

𝐴 1 = 𝐴 + 𝐵𝑅
𝑇

̃ ̃ −1

𝐶1𝑇 ,
̃ −1

𝑄1 = 𝐶 𝑄𝐶 − 𝐶1 𝑅

𝐴 2 = 𝐷𝐸 + 𝐵𝑅
𝐶1𝑇 ,

𝐶2𝑇 ,

̃ −1

𝑄2 = 𝐶1 𝑅

𝐶2𝑇 .

𝑥̃ (0) = 𝑥 (0) ,
𝜆 (∞) = 0.
To solve TPBV problem (19), let
𝜆 (𝑘) = 𝑃1 𝑥̃ (𝑘) + 𝑃2 𝑤 (𝑘) .

(13)

Theorem 2. Consider the optimal disturbance rejection control problem for the discrete-time systems given by (1) and
(2) with respect to the quadratic performance indexes (4) or

(19)

(20)

Rearranging (19), one gets
̃ (𝑘) + (𝑃2 + 𝑄2 ) 𝑤 (𝑘)] ,
𝜆 (𝑘 + 1) = 𝐴−𝑇
1 [(𝑃1 − 𝑄1 ) 𝑥
̃ −1 𝐵̃𝑇 𝑃1 )−1
𝑥 (𝑘 + 1) = (𝐼 + 𝐵̃𝑅
̃ −1 𝐵̃𝑇 𝑃2 𝐺) 𝑤 (𝑘)} .
× {𝐴 1 𝑥 (𝑘) + (𝐴 2 − 𝐵̃𝑅

(21)
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Substituting the first formula of (21) into (18), the approximate optimal control law (14) is obtained. Note that
𝜆 (𝑘) = 𝑄1 𝑥̃ (𝑘) − 𝑄2 𝑤 (𝑘) +

𝐴𝑇1 𝜆 (𝑘

+ 1)
−1

̃ −1 𝐵̃𝑇 𝑃1 ) 𝐴 1 ] 𝑥̃ (𝑘)
= [𝑄1 + 𝐴𝑇1 𝑃1 (𝐼 + 𝐵̃𝑅

Table 1: Parameters of installed AMD device.
Name of parameter
Mass
Natural frequency
Structural damping ratio

̃ −1 𝐵̃𝑇 ] 𝑃2 𝐺
̃ −1 𝐵̃𝑇 𝑃1 )−1 𝐵̃𝑅
+ {𝐴𝑇1 [𝐼 − 𝐴𝑇1 𝑃1 (𝐼 + 𝐵̃𝑅
̃ −1 𝐵̃𝑇 𝑃1 ) 𝐴 2 − 𝑄2 } 𝑤 (𝑘) .
+𝐴𝑇1 𝑃1 (𝐼 + 𝐵̃𝑅

u

(22)
By comparing the parameters of (20) and (22), the Riccati
equation (15) and Stein equation (16) can be obtained.
In the following, the existence and uniqueness of the
proposed controller will be proved. Because 𝑃1 and 𝑃2 are
unknown in the parameters of proposed control law (14),
the existence and uniqueness of (14) are equivalent to that
of 𝑃1 and 𝑃2 . For Riccati matrix equation (15), because of
the completely controllable and observable pairs (𝐴, 𝐵1 ) and
(𝐴, 𝐶), the matrix 𝑃1 is existent and the unique solution of
Riccati matrix equation (15). It should be noted that the first
formula of (19) is equivalent to (7); based on the completely
̃ one gets
controllable pair (𝐴, 𝐵),
𝑖 = 1, 2, . . . , 𝑛.

Value
11855
2.33
9.32

Unit
kg
rad/s
Percent

k2

−1



𝜆 𝑖 {[𝐼 + 𝐵̃𝑅
̃ −1 𝐵̃𝑇 𝑃1 ]𝑇 𝐴 1 } < 1,



Variable
𝑚2
𝜔2
𝜉2

m2

c2

(k)
m1

k1

x2

x1

c1

Figure 1: The sketch of offshore platform with AMD device.

(23)

5. Simulation

Note (3); one gets


𝜆 𝑖 {[𝐼 + 𝐵̃𝑅
̃ −1 𝐵̃𝑇 𝑃1 ]𝑇 𝐴 1 } 𝜆 𝑗 (𝐺) < 1,

 

𝑖 = 1, 2, . . . , 𝑛,

(24)

𝑗 = 1, 2, . . . , 𝑞.

Then, 𝑃2 is existent and the unique solution of Stein matrix
equation (16). Therefore, the proposed approximate controller is existent and unique.
According to [29], (6), and (14), one gets
𝑁


‖𝑥 (𝑘)‖ ≤ ‖𝑥̃ (𝑘)‖ + ∑ [ℎ𝑖 max 𝐴𝑘−𝑗−1 
1≤𝑠≤ℎ𝑖
𝑖=1

 ̃ −1 ̃𝑇 −𝑇

× 𝐵𝑅
[𝐵 𝐴 1 (𝑃1 − 𝑄1 ) − 𝐶1𝑇 ]
× ‖𝑥̃ (𝑘 − 𝑠)‖ max ]
1≤𝑠≤ℎ𝑖

𝑁


+ ∑ [ℎ𝑖 max 𝐴𝑘−𝑗−1  ‖𝑤 (𝑘 − 𝑠)‖
1≤𝑠≤ℎ𝑖
𝑖=1

 ̃ −1 ̃𝑇 −𝑇

× 𝐵𝑅
[𝐵 𝐴 1 (𝑃2 + 𝑄2 ) − 𝐶2𝑇 ] ] .
(25)
̃
Because ‖𝑥(𝑘)‖
and ‖𝑤(𝑘)‖ are bounded, ‖𝑥(𝑘)‖ is bounded.
Then, the proposed control law (14) is a stabilizing control law
for discrete-time system (1) with multiple delayed inputs. The
proof is completed.

In order to demonstrate the effectiveness and feasibility of
the proposed AODRC, numerous simulations are undertaken
in this section. In case 1, the vibration control problem
for offshore steel jacket platforms with single delayed input
is simulated by using the proposed AODRC. In case 2,
the disturbance rejection problem for pure mathematical
example with two delayed inputs is considered.
5.1. Vibration Control for Offshore Jacket Platforms with Single
Delayed Input. The jacket type platforms play an import
role in the oil exploration and drilling operations. However,
the jacket type platforms subject to external disturbances
persistently, such as wave force, wind, and earthquake. In
order to ensure the safety and production efficiency, the
vibration caused by external disturbances could be rejected
effectively, especially for wave force. In this subsection, the
vibration control problem for offshore jacket platforms with
single input delay is solved by the proposed control law.
Consider the jacket platform located in Bohai Bay, the
sketch of offshore platform with an AMD device is shown in
Figure 1. The structural parameters of offshore platform and
installed AMD device on the deck of the jacket type platform
are listed in Tables 1 and 2 [30], respectively.
Based on the JONSWAP spectrum, the wave can be
described as
𝑆𝜂 (𝜔) = [

5𝐻𝑠2
𝜔 5
𝜔 −4
] ( 0 ) exp [−1.25( 0 ) ] 𝛾𝛽 ,
16𝜔0
𝜔
𝜔

(26)
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Table 2: Parameters of offshore platform.

Name of parameter
Equivalent characteristic diameter of legs
First modal mass
Natural frequency
Structural damping ratio

Variable
𝐷
𝑚1
𝜔1
𝜉1
𝜑(𝑠)

where 𝐻𝑠 = 4 m is the significant wave height, 𝜔 is
the wave frequency, 𝛾 = 3.3 is the peakedness parameter, 𝜔0 = 0.87 rad/s is the peak frequency, 𝛽 =
exp[−(𝜔 − 𝜔0 )2 /(2𝜎2 𝜔02 )], in which 𝜎 is the shape parameter,
𝜎 = 0.07 (𝜔 ≤ 𝜔0 ), and 𝜎 = 0.09 (𝜔 > 𝜔0 ). Then, based
on [30], the wave force can be formulated as an exosystem
described by (2) with the water depth 𝑑 = 13.2 m, the drag
coefficient 𝐶𝑑 = 1.2, and the inertial coefficient 𝐶𝑚 = 2.0. The
external disturbances from irregular wave force are displayed
in Figure 2.
By setting the sampling period 𝑇 = 0.1 s, 𝑄 =
diag (100 0 100 0), and 𝑅 = 1, the discrete-time model
of the offshore structure could be established with the same
expression of (1) based on the previous investigations on the
subject, which is described as

−0.0006
[ 0.0621 ]
]
𝐵= [
[−0.0120] ,
[ 1.2205 ]

0.0989
0.0047
0.9701
0.0996

2
0
−2
−4
−6

0

10

20

30

40

50

60

70

80

90

100

kT (s)

0.0000
0.0952]
],
0.0010]
0.8993]

Figure 2: The external disturbances of wave force.

0.4

(27)

0.0006
[0.0000]
]
𝐷= [
[0.0126] ,
[0.0006]
𝐶= [

4

1 0 0 0
].
0 0 1 0

According to the previous investigations on the subject, the
range of delayed input is in the interval (0, 1) s. Therefore,
to demonstrate the effectiveness of the proposed AODRC,
the comparison results between the open-loop system, the
feedback control, and the AODRC with single delayed input
ℎ = 6 are compared, in which feedback control law is just
considered the feedback item in AODRC. Then, the curves
of displacement of offshore structure, velocity of offshore
structure, and control law are presented in Figures 3, 4, and
5, respectively.
In order to show the comparison results among the simulated case clearly, the values of the quadratic performance
index with different delayed input are compared in Table 3.
Note that the percentage number given in the parentheses
indicates the reduced amount of the closed-loop response

Displacement of offshore structure (m)

0.0002
0.9789
0.0041
−0.4152

Unit
m
kg
rad/s
Percent

6

Wave force (k) (106 N)

Shape function of first mode

0.9790
[ 0.0205
𝐴= [
[−0.4182
[ 0.3954

Value
1.7
2371100
2.20
4
𝜋𝑠
1 − cos ( ) 0 ≤ 𝑠 ≤ 𝐿
2𝐿

0.3
0.2
0.1
0
−0.1
−0.2
−0.3
−0.4

0

10

20

30

40

50
60
kT (s)

70

80

90

100

Open-loop
Feedback control
AODRC

Figure 3: Curves of the displacement of offshore structure.

relative to the open-loop case. For instance, the value of
performance index is reduced by 18.40% when delayed input
ℎ = 2 less than that of open-loop one, using feedback control,
while the value of performance index is reduced by 67.23%
less than that of open-loop one by using proposed AODRC.
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Table 3: Comparison of values of performance index with different delayed input.
ℎ=2
5.0953
4.1578 (18.40%)
1.6695 (67.23%)

Open-loop
Feedback Control
AODRC

ℎ=4
5.0953
3.5232 (30.85%)
1.6875 (66.88%)

Velocity of offshore structure (m/s)

0.4
0.2
0
−0.2
−0.4
−0.6

0

10

20

30

40

50
60
kT (s)

70

80

90

100

5.2. Disturbance Rejection for Pure Mathematical Example
with Two Delayed Inputs. In order to verify the elasticity of
the proposed AODRC, the discrete-time system with delayed
inputs ℎ1 and ℎ2 under sinusoidal disturbances is considered.
The matrices of (1) are chosen as

Open-loop
Feedback control
AODRC

Figure 4: Curves of the velocity of offshore structure.

𝐴= [
0.8

Control law u(k) (104 N)

1 0.4
],
−0.2 0.9

0
𝐷 = [ ],
1

0.6
0.4
0.2
0
−0.2

𝐵1 = [

0.2
],
0.5

𝐵2 = [

0.1
],
0.15

(28)

𝐶 = [1 0] ,

−0.4
−0.6
−0.8

ℎ=8
5.0953
3.1232 (38.70%)
1.7366 (65.92%)

the influences from different input delay and wave forces with
high value.
It can be seen from Figures 3–5 and Tables 3-4 that
the disturbances of wave force for offshore structure is
reduced significantly by using the proposed AODRC. With
the increase of delayed input, the proposed AODRC is still
able to effectively control the displacement and velocity of
offshore structure. What’s more, the quadratic performance
index is reduced significantly by using the proposed AODRC
compared by the feedback control and open-loop ones.
Therefore, we can conclude that the proposed AODRC is
efficient to reject the disturbances from wave force for
offshore structure, as well as being with lower consumption.

0.6

−0.8

ℎ=6
5.0953
3.0731 (39.69%)
1.7076 (66.49%)

𝑇

𝑥 (0) = [2 0] .
0

10

20

30

40

50
60
kT (s)

70

80

90

100

Feedback control
AODRC

Figure 5: Curves of the control law.

The external disturbance V(𝑡) is chosen as sinusoidal disturbance; the matrices of (2) are given by
𝐺= [

0.4√5 0.4
],
−0.5 0.4√5

𝐸 = [0.2 0] ,
In order to present the control results more intuitive, the
maximum displacement, the maximum acceleration of offshore structure, and the maximum control law with different
input delay are shown in Table 4. From Table 4, it can be
seen clearly that the maximum displacement, the maximum
acceleration of offshore structure, and the values of maximum
control law with different input delay are close. The results
show that the proposed control law could effectively eliminate

(29)

𝑇

V (0) = [1 0] .
The curves of sinusoidal disturbances with (29) are shown
in Figure 6. Also, the quadratic performance index is chosen
as (5) with 𝑄 = 1, 𝑅 = 2.
Then, the responses of system states 𝑥1 and 𝑥2 for different cases (open-loop, feedback control only, and proposed
AODRC) with delayed inputs ℎ1 = 1 and ℎ2 = 4 are
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Table 4: The maximum displacement, the maximum acceleration
of offshore structure, and the maximum control law.

Sinusoidal disturbance (k)

ℎ=4

ℎ=6

ℎ=8

0.126

0.130

0.146

0.150

0.171

0.175

0.178

0.181

0.520

0.523

0.582

0.588

Curves of system state x1 (k)

Maximum
displacement (m)
Maximum
acceleration (m2 /s)
Maximum control
input (104 N)

ℎ=2

3
2
1
0
−1

0.2

−2

0.15

−3

0.1

0

100

150

200

kT (s)

0.05

Open-loop
Feedback control
AODRC

0
−0.05

Figure 7: Curves of system state 𝑥1 (𝑘).

−0.1
−0.15

2.5
0

50

100
kT (s)

150

2

200

Figure 6: Curves of the sinusoidal disturbance V(𝑘).

simulated and shown in Figures 7 and 8. The curves of the
proposed AODRC for different cases (the proposed AODRC
and feedback control only) are shown in Figure 9. The values
of quadratic performance index (5) are shown in Table 3 with
two delayed inputs (ℎ1 = 1, ℎ2 = 2; ℎ1 = 1, ℎ2 = 4; ℎ1 = 2,
ℎ2 = 4). Figures 7 and 8 and Table 5 show that the proposed
AODRC is able to effectively ensure the system states in lower
values and reject the disturbances from external sinusoidal
input.
From Figures 1–9 and Tables 1–5, the simulation results
show that the proposed AODRC for the offshore platform
and pure mathematical example are effective to attenuate the
vibration amplitudes of the system state, and the quadratic
performance index of the controlled system under AODRC is
smaller than those under the open-loop and feedback control
only. Moreover, the proposed AODRC is more scalable for
different cases with multiple delayed inputs.

6. Conclusion
This paper has presented an interesting approach to solve
the disturbance rejection problem for discrete-time systems
with multiple delayed inputs under persistent external disturbances. A discrete-time system with multiple input delays
is transformed into a non-delayed system in form, and the
quadratic performance index has been transformed into a
relevant format without the explicit appearance of time delay.
Then, the AODRC is deployed to eliminate the negative
effects from multiple delayed inputs and persistent external

Curves of system state x2 (k)

−0.2

50

1.5
1
0.5
0
−0.5
−1
−1.5
−2

0

50

100
kT (s)

150

200

Open-loop
Feedback control
AODRC

Figure 8: Curves of system state 𝑥2 (𝑘).

Table 5: Comparison of values of performance index with two
delayed inputs.

Open-loop
Feedback
Control
AODRC

ℎ1 = 1, ℎ2 = 2

ℎ1 = 1, ℎ2 = 4

ℎ1 = 2, ℎ2 = 4

0.3422

0.3422

0.3422

0.0836 (75.57%) 0.1055 (69.17%) 0.1035 (69.75%)
0.0372 (89.13%) 0.0506 (85.21%) 0.0901 (66.49%)

disturbances. On the other hand, the disturbance rejection
problem for jacket-type offshore structure is illustrated to
validate the feasibility and effectiveness of the proposed
approach.
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0.5
0.4

Control law u(k)

0.3
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0
−0.1
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200
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Figure 9: Curves of the control law.
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